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Abstract. We consider the logarithmic negativity of a finite interval embedded in an infinite
one dimensional system at finite temperature. We focus on conformal invariant systems and
we show that the naive approach based on the calculation of a two-point function of twist
fields in a cylindrical geometry yields a wrong result. The correct result is obtained through a
four-point function of twist fields in which two auxiliary fields are inserted far away from the
interval, and they are sent to infinity only after having taken the replica limit. In this way, we
find a universal scaling form for the finite temperature negativity which depends on the full
operator content of the theory and not only on the central charge. In the limit of low and high
temperatures, the expansion of this universal form can be obtained by means of the operator
product expansion. We check our results against exact numerical computations for the critical
harmonic chain.
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1. Introduction
Entanglement is the key characteristic distinguishing quantum and classical mechanics. Since
the birth of quantum mechanics this phenomenon has been attracting a continuous interest in
the physics community. However, only during the last decade has a systematic study of the
entanglement in extended quantum systems been initiated (see e.g. Refs. [1] as reviews). This
study allowed a more precise characterisation of many-body quantum systems both in and out
of equilibrium. In particular, it has been shown that when one considers the entanglement
between two extended parts in an extended quantum system, universal scaling forms arise,
e.g. close to a quantum critical point or in systems displaying topological order (see again
Refs. [1] as reviews).
The entanglement between two extended parts in a pure quantum state is measured by the
famous entanglement entropy, defined as follows. Let ρ be the density matrix of an extended
quantum system taken in a pure quantum state |Ψ〉, so that ρ = |Ψ〉〈Ψ|. Let us consider
a spatial bipartition of the system in two parts A and B such that the Hilbert space can be
written as a direct product H = HA ⊗ HB. A’s reduced density matrix is ρA = TrBρ and
from this the (von Neumann) entanglement entropy is defined as
SA = −Tr ρA ln ρA . (1)
For a one-dimensional critical system whose scaling limit is described by a conformal field
theory (CFT), in the case when A is an (extended) interval of length ` embedded in an infinite
system, the asymptotic large ` behaviour of the entanglement entropy is [2, 3, 4, 5]
SA =
c
3
ln
`
a
+ const , (2)
where c is the central charge of the underlying CFT [6] and a the inverse of an ultraviolet
cutoff (e.g. the lattice spacing).
One can then wonder if and how these nice universal results extend to finite temperature
entanglement and whether it is possible by studying entanglement measures to describe the
crossover/transition from quantum to classical world which is expected to take place as we
“warm up” a quantum system. Indeed this problem has been extensively studied (see again
Refs. [1] as reviews) at the level of few microscopic constituents (e.g. the entanglement
between two spins in a very long spin-chain or the entanglement between few spins and the
remainder of the system), but here we are genuinely interested in the entanglement between
two extended parts at finite temperature, a problem which has been little studied [7, 8, 9]
because of a series of technical difficulties. In this case, the entanglement entropy is no longer
a good entanglement measure since it clearly mixes up quantum and classical correlations
(but still shows very interesting features [3, 10, 11]). A measure of entanglement for bipartite
mixed states is instead the so-called entanglement negativity introduced in a seminal paper by
Vidal and Werner [12] (see also [13, 14, 15]). In order to define it, let us divide an extended
quantum system in two parts which we call A1 and A2 (it is often very useful to think to a
mixed state as obtained by tracing out the degrees of freedom of a larger system in a pure state
which has been tripartite in A1, A2 and B–a procedure called purification–). Let us denote by
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|e(1)i 〉 and |e(2)j 〉 two bases in the Hilbert spaces corresponding to A1 and A2 respectively. Let
us define the partial transpose with respect to A2 degrees of freedom as
〈e(1)i e(2)j |ρT2A1∪A2|e
(1)
k e
(2)
l 〉 = 〈e(1)i e(2)l |ρA1∪A2|e(1)k e(2)j 〉, (3)
and from this the logarithmic negativity as
E ≡ ln ||ρT2A1∪A2|| = ln Tr|ρT2A1∪A2| , (4)
where the trace norm ||ρT2A1∪A2|| is the sum of the absolute values of the eigenvalues of ρT2A1∪A2 .
In this expressionA1∪A2 does not have to coincide with the entire system. The negativity has
the important property of being basis independent and this makes it calculable by means of
quantum field theory (QFT) and in particular CFT in which we are interested here. Recently
[16, 17] we developed a systematic method to calculate the negativity in QFT and many-body
systems in general. This method has been so far extensively used to calculate the entanglement
between two parts A1 and A2 of an extended system in a pure state in which a third part B
has been previously traced out. This method allowed the description of ground-states of CFTs
[16, 17, 18, 19, 20, 21], systems with topological order [22, 23] and also some non-equilibrium
situations [24, 25, 26]. These studies also allowed a refined understanding of numerical and
analytic computations [27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38].
The manuscript is organised as follows. In Sec. 2 we discuss the general CFT approach
to entanglement entropy and negativity. In Sec. 3 we report a first naive derivation of the
negativity between a single interval and the rest of the system at temperature. This naive
derivation provides a wrong result and we explain what is going wrong in this apparently
innocuous computation. In Sec. 4 we fix the previous error and we provide a general
scaling form for the negativity at finite temperature. Finally, in Sec. 5 we report explicit
numerical computation of the finite temperature negativity in the harmonic chain, showing
perfect agreement with the previous universal result, but after all the various lattice effects are
properly taken into account. In Sec. 6 we draw our conclusions and discuss generalisations.
2. General CFT approach to entanglement entropy and negativity
A very powerful way to calculate the entanglement entropy in a general QFT is based on a
replica approach [3, 5]. The overall idea is simply to compute the moments of the reduced
density matrix TrρnA with n integer or, equivalently, the Re´nyi entropies
S
(n)
A =
1
1− n ln Tr ρ
n
A . (5)
The computation of these moments in 1+1 dimensional quantum field theories is made
possible by the fact that they correspond to partition functions on n-sheeted Riemann surfaces
with branch points at the boundaries between regions A and B [3]. The partition function on
the n-sheeted surface can be casted in the form of correlation functions on the complex plane
of particular operators termed branch-point twist fields [3, 39, 5]. For example, in the case
when A = ∪Ni=1[ui, vi] consists of N disjoint intervals, we have
TrρnA = 〈Tn(u1)T n(v1) · · · Tn(uN)T n(vN)〉C . (6)
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At this point, if the expression for TrρnA is analytically continuable to general complex n, the
entanglement entropy is just given by the n → 1 limit of the Re´nyi entropies. Furthermore,
the knowledge of the Re´nyi entropies for arbitrary n provides also the full spectrum of the
reduced density matrix [40].
Although this approach has general validity in one spatial dimension, it is particularly
useful in CFT because the twist fields turned out to behave like primary operators with scaling
dimension [41, 3]
∆n =
c
12
(
n− 1
n
)
. (7)
When this relation is specialised to an interval A of length ` in an infinite system, we obtain
the moments
TrρnA = 〈Tn(u)T n(v)〉 = cn
(
`
a
)−c/6(n−1/n)
, (8)
which can be straightforwardly analytically continued to get the von Neumann entropy (2).
The calculation of the entanglement entropy for many disjoint intervals A = ∪Ni=1[ui, vi] is
much more complicated. Global conformal invariance fixes the scaling form
TrρnA = c
N
n
(∏
j<k(uk − uj)(vk − vj)∏
j,k(vk − uj)
)(c/6)(n−1/n)
Fn,N({x}) . (9)
Here {x} = {x1, x2 . . . x2N−3} stands for the collection of 2N − 3 independent ratios that
can be built with 2N points. The functions Fn,N({x}) are universal, but they depend on
the full operator content of the CFT –not only on the central charge– and so they should be
calculated case by case. Their calculation is a real tour de force which has been performed
explicitly only in few instances [42, 43, 44, 45, 46, 47, 48, 49, 50, 51] (exploiting old results
of CFT on orbifolds [52, 53, 54, 55]) and agree with some explicit numerical and analytical
computations [42, 43, 47, 48, 56, 57, 58, 59, 60, 61, 51]. We mention that these universal
functions Fn,N({x}) have very cumbersome analytic forms which prevented the analytic
continuations to n → 1, with the notable exception of the free un-compactified boson [44]
which is the only exactly known entanglement entropy for two disjoint intervals. Some results
for two disjoint regions in higher dimensional CFTs are also known [62, 63, 64].
2.1. The entanglement negativity in CFT
Moving now to the entanglement negativity, we start by reviewing the general situation studied
by CFT in Refs. [16, 17] in which a one-dimensional system (which can be either infinite,
finite, semi-infinite etc.) is divided into three parts, two of which are finite intervals A1 and
A2 of length respectively `1 and `2 and the part B represents the remainder of the system.
We will denote with ρA the reduced density matrix of A ≡ A1 ∪ A2 = [u1, v1] ∪ [u2, v2], i.e.
ρA = ρA1∪A2 , which is obtained by tracing out the part B of the system, i.e. ρA = TrBρ.
The quantum field theory approach to negativity is also based on a replica trick [16, 17]:
one considers the traces Tr(ρT2A )
n of integer powers of ρT2A and notices that Tr(ρ
T2
A )
n have a
different functional dependence on |λi| according to the parity of n (λi being the eigenvalues
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of ρT2A ). Indeed, for n even and odd (that we denote as ne and no respectively), the traces of
integer powers of ρT2A are
Tr(ρT2A )
ne =
∑
i
λnei =
∑
λi>0
|λi|ne +
∑
λi<0
|λi|ne , (10)
Tr(ρT2A )
no =
∑
i
λnoi =
∑
λi>0
|λi|no −
∑
λi<0
|λi|no . (11)
If we set ne = 1 in Eq. (10) we formally obtain Tr|ρT2A |, which is the quantity we are interested
in, according to Eq. (4). Instead, setting no = 1 in Eq. (11) gives the normalization TrρT2A = 1.
This means that the analytic continuations from even and odd n are different and, in particular,
the trace norm that we want to compute is obtained by considering the analytic continuation
of the even sequence at ne → 1, i.e.
E = lim
ne→1
ln Tr(ρT2A )
ne . (12)
Since in the QFT representation of the density matrix a transposition has the effect to
exchange lower and upper edges of the open cut [16, 17] (see also next section), the traces
of integer powers of the partial transpose for two disjoint intervals are partition functions on
n-sheeted Riemann surfaces or, equivalently, the correlation functions of four twist fields [17]
Tr(ρT2A )
n = 〈Tn(u1)T n(v1)T n(u2)Tn(v2)〉 , (13)
i.e. the partial transposition has the net effect of exchanging two twist operators compared to
TrρnA, cf. Eq. (6) for N = 2.
Eq. (13) is generically valid, but it simplifies when specialised to the case of two adjacent
intervals, obtained by letting v1 → u2, leading to the three-point function
Tr(ρT2A )
n = 〈Tn(u1)T 2n(u2)Tn(v2)〉 . (14)
A further simplification occurs when specialising to a pure state by letting B → ∅ (i.e.
u2 → v1 and v2 → u1, when dealing with the CFT on the plane) for which Tr(ρT2A )n becomes
a two-point function
Tr(ρT2A )
n = 〈T 2n (u2)T 2n(v2)〉 . (15)
As explained in more details in Ref. [17], as a partition function on an n-sheeted Riemann
surface, this expression depends on the parity of n because T 2n connects the j-th sheet with
the (j + 2)-th one. For n = ne even, the ne-sheeted Riemann surface decouples in two
independent (ne/2)-sheeted surfaces. Conversely for n = no odd, the surface remains a no-
sheeted Riemann surface. In formulas, these observations are
Tr(ρT2A )
ne = (〈Tne/2(u2)T ne/2(v2)〉)2 = (Trρne/2A2 )2 , (16)
Tr(ρT2A )
no = 〈Tno(u2)T no(v2)〉 = TrρnoA2 . (17)
Hence, for a bipartite system, Tr(ρT2A )
n can be generically written as a function of TrρmA2 , with
m being either n or n/2. In particular, taking the limit ne → 1, we obtain that the logarithmic
negativity equals the Re´nyi entropy of order 1/2, a well known result for bipartite states [12].
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Eqs. (16) and (17) are simply specialised to the CFT case by plugging into them the
general formula for TrρnA2 in Eq. (8), obtaining [16, 17]
Tr(ρT2A )
ne = (〈Tne/2(u2)T ne/2(v2)〉)2 = (Trρne/2A2 )2 = c2ne/2
( `
a
)−c/3(ne/2−2/ne)
, (18)
and
Tr(ρT2A )
no = 〈Tno(u2)T no(v2)〉 = TrρnoA2 = cno
( `
a
)−c/6(no−1/no)
. (19)
This simple result shows an important feature of the negativity in CFT, i.e. the operator T 2ne
and T 2ne have scaling dimension ∆(2)n which depends on the parity of the replica index as
∆(2)n ≡
{
∆n odd n
2∆n/2 even n
. (20)
The constants cno,ne are non-universal, but they are the same as in the Re´nyi entanglement
entropies (8), so that we can write
Tr(ρT2A )
n = c(2)n
( `
a
)−∆(2)n
, c(2)n ≡
{
cn odd n
c2n/2 even n
. (21)
In the replica limit ne → 1, we have ∆ne → 0 and ∆(2)ne → −c/4. Thus, performing the
analytic continuation, we have
||ρT2A || = limne→1 Tr(ρ
T2
A )
ne = c21/2
( `
a
)c/2
⇒ E = c
2
ln
`
a
+ 2 ln c1/2 , (22)
which again is the result that for pure bipartite states the logarithmic negativity equals the
Re´nyi entropy of order 1/2.
3. A naive finite temperature result for the negativity of a single interval in infinite
space and why it goes wrong
In a general one-dimensional quantum field theory, finite temperature expectation values are
simply obtained by evaluating the path integral on a cylinder of circumference β = 1/T in
the imaginary time direction. This correspondence is particularly useful in a CFT, because a
cylindrical geometry can be obtained from the complex plane by the conformal transformation
z → w = (β/2pi) ln z, (23)
where z is the complex coordinate on the plane andw = σ+iτ lives on the cylinder. Under the
conformal mapping z → w = w(z), the correlation functions of primary operators transform
like [52]
〈Φ1(z1, z¯1)Φ2(z2, z¯2) . . .〉 =
∏
j
|w′(zj)|∆j〈Φ1(w1, w¯1)Φ2(w2, w¯2) . . .〉 . (24)
Then the obvious “temptation” is to apply the above formula to the correlation function
of twist fields determining the negativity of an interval of length ` in an infinite system at
temperature 1/β, i.e. assuming
Tr(ρTA)n = 〈T 2n (u)T 2n(v)〉β , (25)
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where 〈·〉β stands for expectation values on the cylinder. We anticipate that this apparently
innocuous formula is wrong. Notice that, since from now on we will consider only bipartite
systems, we denoted the finite interval with A and the remainder of the system with B, but
compared to the previous sections we change notations as (A1, A2, B)→ (A,B, ∅).
The rhs of Eq. (25) can be derived using Eq. (24), providing for even n
〈T 2ne(0)T
2
ne(`)〉β = c2ne/2
(
β
pia
sinh
pi`
β
)−c/3(ne/2−2/ne)
, (26)
that analytically continued to ne = 1 gives
||ρTA|| = c21/2
(
β
pia
sinh
pi`
β
)c/2
, ⇒ Enaive = c
2
ln
(
β
pia
sinh
pi`
β
)
+ 2 ln c1/2 . (27)
This result resembles the one for the entanglement entropy at finite temperature [3], and
indeed it is nothing but the finite temperature Re´nyi entropy of order 1/2. But this naive
result makes no sense at all for several reasons. First, for the finite temperature mixed state,
the Re´nyi entropy is not an entanglement measure while the negativity is. However, one could
pretend that for CFTs the two could coincide, but this is not the case. Indeed, let us look at this
result for fixed ` and increasing the temperature from 0 to some finite value T = 1/β. Eq. (27)
is a monotonous increasing function of T , which goes against the common sense suggesting
the entanglement to be a decreasing function of the temperature. Even more dramatically
for very high temperature, when the system becomes classical Eq. (27) predicts an infinite
entanglement, which is absurd for a classical system.
Let us now try to understand what is going wrong in the apparently simple and
straightforward calculation above. In order to do so we should first go back to the definition
of density matrix in a finite temperature QFT. This is given by a cylinder of circumference β
with an open cut on the axis τ = 0. The upper and lower edges of the cut are the rows and
the columns of the density matrix. Then matrix multiplication corresponds to sew together
an upper and lower edge of two cylinders. To give a practical example, Trρn is nothing but
the partition function of n of those cylinder joined cyclically in such a way to have a “fatter”
cylinder of circumference nβ. As explained in more details in Ref. [3], in the reduced density
matrix of a segment A one should sew the cut along B inside the single cylinder, in such a
way that when constructing TrρnA we end up in a n-sheeted Riemann surface in which the
cylinders are connected cyclically only along the interval A.
The construction of the partial transpose has been derived in Refs. [16, 17] to which
we refer for more details. The partial transposition with respect to an interval A amounts to
exchange rows and columns corresponding to that interval, which is exchanging the lower
and upper edges of the cylinder along A in the QFT construction. Thus, when we consider
Tr(ρTA)n, the resulting surface is such that the axis at τ = 0 on the j-th cylinder is connected
to the upper cylinder along B but to the lower one along A. In the top picture of Fig. 1, this
is shown with arrows of different verses, pointing up and down to respectively indicate the
connections to the (j + 1)-th cylinder when moving following the arrow. We can now deform
the cut associated to B as shown in the middle picture of Fig. 1 and this deformation does not
change the topology of the surface. Proceeding with the deformation, the j-th sheet becomes
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A
A
A
Figure 1. Partial transposition and Tr(ρTA)n of one interval A at finite temperature. Top:
simple arrows indicate that in Tr(ρTA)n one passes from the j-th copy to the (j + 1)-th one
by following them through the cut (depending on the verse of the arrow). Middle: deforming
the dashed green line as indicated, part of it becomes a cut extending along the whole cylinder
and parallel to its axis, while the remaining part merges with the red segment. Bottom: The
double arrow denotes a double jump, from the j-th copy to the (j + 2)-th one, following it
through the cut. The j-th copy is sewed to the (j+1)-th one through the dashed line. Because
of this connection, the ne-sheeted Riemann surface occurring in Tr(ρTA)ne does not factorise
into the product of two identical (ne/2)-sheeted Riemann surfaces.
the cylinder depicted in the bottom picture: it is connected to the (j + 1)-th cylinder through
the dashed green line and to the (j+2)-th one through the intervalA (represented pictorially as
a double arrow). There is no way to remove this dashed green line which connects consecutive
sheets and therefore for n = ne the corresponding Riemann surface does not decouple into
two identical (ne/2)-sheeted Riemann surfaces. Always because of such connection through
the dashed green line, the Riemann surface occurring in Tr(ρTA)no is not the same one of
TrρnoA . Thus, at finite temperature Tr(ρ
TA)n cannot be related to TrρnA, as done in [16, 17] for
T = 0.
At this point it is natural to wonder why a similar problem does not arise at T = 0
in which case the cylinder degenerates to the whole complex plane which is topologically
equivalent to a sphere. In Fig. 2 we proceed in the same way as in Fig. 1, but substituting the
cylinder with a sphere. In the first three panels everything proceeds in complete analogy to
the cylinder case resulting finally in a dashed green line parallel to the equator. However, in
this case, the dashed green line can be shrunk to a point and therefore it vanishes. Thus, since
Finite temperature entanglement negativity in CFT 9
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Figure 2. The deformation procedure described for Fig. 1 (with the same notations) performed
at zero temperature, i.e. on the sphere. In this case the cut given by the dashed green line can
be shrunk to a point and it annihilates, leaving only the cut through A, which connect the
j-th copy to the (j + 2)-th one. Thus, at zero temperature, the ne-sheeted Riemann surface
occurring in Tr(ρTA)ne factorizes into the product of two identical (ne/2)-sheeted Riemann
surfaces.
the j-th sheet is connected only to the (j + 2)-th one along the segment A, we are allowed to
use the construction in Ref. [17] to relate, at zero temperature, Tr(ρTA)n to TrρnA.
A final comment is necessary at this point. The above reasoning shows that the negativity
cannot be calculated by a simple mapping from the cylinder to the sphere if the partial
transposition involves an infinite part of an infinite system at finite temperature. This is not
the case if one, for example, is interested in the negativity between two (adjacent or disjoint)
finite intervals at finite temperature. For this reason, to quote a concrete example, the finite
temperature calculation of the negativity between two adjacent intervals in Ref. [24], which
is based on the calculation of a three-point function on the plane, is indeed free from these
troubles and therefore correct.
4. The correct finite temperature negativity for one interval in the infinite line
After having understood what goes wrong in Eq. (25), we should find a way to take into
account the branch cut (i.e. the dashed-green line in Fig. 1) in the partial transposed reduced
density matrix. Denoting by w = σ + iτ (σ ∈ R and τ ∈ [0, β)) the complex coordinate
Finite temperature entanglement negativity in CFT 10
on the cylinder, the easiest way to tackle the problem is to let the branch cut starting and
ending not at Re[w] = ±∞, but at some large and finite values that we denote as w = ±L.
Proceeding according to this idea, we should then calculate the following four-point function
on the infinite cylinder of circumference β
〈Tn(−L)T 2n(−`)T 2n (0)T n(L)〉β , (28)
where L > ` > 0. The locations of the twist operators are aligned along the line τ = 0
parallel to the axis of the cylinder. In order to compute the negativity, we should first calculate
the four-point function above for finite L, then take the replica limit ne → 1 and only after the
limit L→∞. As we will see explicitly below, the two limits do not commute explaining why
we get a different result compared to the naive one (27). For simplicity in the formulas, we
will omit the dependence on the inverse UV cutoff a during the course of the calculation and
we will restore it only at the end. Notice that the above prescription provides automatically
that the negativity of part B of the system EB equals EA, because in Eq. (28) the exchange A
and B is obtained by interchanging Tn ↔ T n and T 2n ↔ T 2n.
By employing the conformal map z = e2piw/β and using Eq. (24), we can write Eq. (28)
in terms of the corresponding four-point function on the complex plane, namely
〈Tn(−L)T 2n(−`)T 2n (0)T n(L)〉β =
=
(2pi
β
)2∆n+2∆(2)n 〈Tn(e−2piL/β)T 2n(e−2pi`/β)T 2n (1)T n(e2piL/β)〉C
e2pi∆
(2)
n `/β
. (29)
On the complex plane, a general four-point function of primary fields Vj(zj, z¯j) with different
scaling dimensions ∆(j) can be written, for instance, as follows
〈
4∏
j=1
Vj(zj, z¯j)〉C = z
∆(1)+∆(3)
13 z
∆(2)+∆(4)
24
z
∆(1)+∆(2)
12 z
∆(2)+∆(3)
23 z
∆(3)+∆(4)
34 z
∆(1)+∆(4)
14
G(x), x ≡ z12z34
z13z24
, (30)
being zij ≡ |zi − zj| and x the cross ratio of the four points. Specifying Eq. (30) to our case,
the four-point function occurring in the rhs of Eq. (29) can be written as
〈Tn(z1)T 2n(z2)T 2n (z3)T n(z4)〉 =
Gn(x)
z2∆n14 z
2∆
(2)
n
23 x
∆n+∆
(2)
n
, (31)
where the points zi are still arbitrary complex numbers. It is clear that there is a degree
of arbitrariness in the way of writing the above four-point function since any power of the
harmonic ratio x can be absorbed in the scaling function Gn(x). We will use this arbitrariness
to our advantage in such a way to have reasonable limits for x → 0 and x → 1. To fix these
limits we must consider the OPEs
Tn(u)T n(v) = cn|u− v|2∆n I+ . . . , T
2
n (u)T 2n(v) =
c
(2)
n
|u− v|2∆(2)n
I+ . . . , u→ v, (32)
and
Tn(u)T 2n(v) =
CTnT 2nT n
|u− v|∆(2)n
T n(v) + . . . , u→ v, (33)
with the corresponding OPE for T n(u)T 2n (v) with CTnT 2nT n = CT nT 2n Tn .
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From Eq. (32), we have the following cluster property for z3 → z2 and z4 → z1:
〈Tn(z1)T 2n(z2)T 2n (z3)T n(z4)〉 = 〈Tn(z1)T n(z4)〉 〈T 2n(z2)T 2n (z3)〉+ . . . , (34)
while from Eq. (33) we have
〈Tn(z1)T 2n(z2)T 2n (z3)T n(z4)〉 =
C2TnT 2nT n
cn
(z12 z34)∆
(2)
n z2∆n13
+ . . . , z2 → z1, z4 → z3, (35)
where the dots denote less divergent terms. The expansions (34) and (35) correspond
respectively to x → 1 and x → 0. These expressions suggest us to write the four-point
function of twist fields in the following form
〈Tn(z1)T 2n(z2)T 2n (z3)T n(z4)〉 =
cn c
(2)
n
z2∆n14 z
2∆
(2)
n
23
Fn(x)
x∆
(2)
n
, (36)
where (34) and (35) impose respectively that
Fn(1) = 1, Fn(0) =
C2TnT 2nT n
c
(2)
n
. (37)
This choice of the universal function Fn(x) is such that it has finite limits both for x→ 0 and
x→ 1.
Specialising to the four points in the rhs of Eq. (29) we have
〈Tn(e−2piL/β)T 2n(e−2pi`/β)T 2n (1)T n(e2piL/β)〉C =
=
cn c
(2)
n
(2 sinh(2piL/β))2∆n(1− e−2pi`/β)2∆(2)n
Fn(x)
x∆
(2)
n
, (38)
and the harmonic ratio becomes
x =
(e−2pi`/β − e−2piL/β)(e2piL/β − 1)
(1− e−2piL/β)(e2piL/β − e−2pi`/β) , (39)
whose large L limit is
lim
L→∞
x = e−2pi`/β . (40)
Plugging Eq. (38) in Eq. (29), the desired cylinder four-point function is
〈Tn(−L)T 2n(−`)T 2n (0)T n(L)〉β =
= cn c
(2)
n
[
β
pi
sinh
(
pi`
β
)]−2∆(2)n [β
pi
sinh
(
2piL
β
)]−2∆n Fn(x)
x∆
(2)
n
. (41)
Notice that, taking L → ∞ for finite integer n, the above expression vanishes, signaling that
we should first take the replica limit and only after the large L one, as anticipated above.
Thus, taking the replica limit at finite L, we find
lim
ne→1
ln [〈Tn(−L)T 2n(−`)T 2n (0)T n(L)〉β] = Enaive +
c
4
ln(x) + f(x), (42)
where Enaive is given by Eq. (27) and we defined
f(x) ≡ lim
ne→1
ln[Fne(x)]. (43)
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In the above expression, the L dependence is fully encoded in the harmonic ratio x, thus we
can take the limit L→ +∞, obtaining the logarithmic negativity (restoring the a dependence)
E = Enaive − pic`
2β
+ f(e−2pi`/β) =
c
2
ln
[ β
pia
sinh
(pi`
β
)]
− pic`
2β
+ f(e−2pi`/β) + 2 ln c1/2 . (44)
This formula represents the main result of our paper and now we are going to discuss all its
implications, which are numerous. The most remarkable and important feature of Eq. (44)
is that the linear term in `/β exactly cancels the large temperature divergence of Enaive which
was the main motivation of this calculation. For large temperature and at fixed ` Eq. (44)
is valid only as long as β  a and so it never becomes negative, as it could seem at a first
superficial look. Another fundamental feature is that the logarithmic negativity depends on
the full operator content of the model through the function f(x). This is a relevant difference
compared to Enaive, which instead depends only on the central charge like the entanglement
entropy. In the limit of very large T , we would expect the negativity to vanish since a quantum
system should crossover to a classical one. However, in the above expression it is clear that
this limit is dominated by some non-universal constants like the UV cutoff a signalling that
probably the vanishing at high-T is not a direct feature of CFT, but it is connected to non-
universal physics.
Although Eq. (44) depends on the UV physics via the cut-off a, there is a straightforward
way to construct a universal scaling quantity by subtracting to the negativity its value at T = 0,
finding (T = 1/β)
Es(T ) ≡ E(T )− E(0) = c
2
ln
[
1
pi`T
sinh (pi`T )
]
− pic`T
2
+ f(e−2pi`T ), (45)
which depends only on the ratio `/β = `T and it can be written as
Es(T ) = c
2
[
ln(1− e−2λ)− ln(2λ)
]
+ f(e−2λ), λ ≡ pi`T . (46)
The explicit calculation of the negativity requires the evaluation of the four-point function
(38) on the complex plane for some specific models, but this is a very cumbersome calculation.
Indeed this four-point function can be obtained from the known six-point functions of twist
fields Tn [51] and fusing two pairs of them to to T 2n , closely following Ref. [17]. However,
this procedure is very cumbersome even for the easiest CFTs. Furthermore, even if we would
manage to calculate this four-point function, the replica limit is an even more difficult task.
In fact, none of the explicitly calculated four-point functions has been continued to arbitrary
complex n in order to obtain a closed form of the negativity (see Ref. [17] for a discussion of
this point). Anyhow, Eq. (44) contains most of the physics of the negativity, even if we do not
know the explicit form of f(x). Indeed, the most interesting limits `  β and β  ` can be
analytically derived using the OPE of the twist fields (or better the short-interval expansion)
developed in Ref. [45].
4.1. High temperature regime
The high temperature regime is given by β  ` < L or, equivalently, x → 0. We wrote
Eqs. (41) and (44) in such a way that this limit is straightforward. Indeed according to Eq.
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(37), the scaling functions Fn(x) tends to a constant value independent of x and so will do
its replica limit f(x). Consequently for `  β, the negativity (44) attains a constant non-
universal value because, as already stressed above, the leading linear terms in ` cancel. The
study of the approach to this constant value requires the knowledge of the subleading terms in
the OPE (33), which is a more cumbersome and involved calculation. We limit ourselves to
mention that since the replica limit goes outside the realm of unitary CFT (as signalled by the
fact that the scaling dimension ∆(2)ne tends to the negative value−c/4), logarithmic subleading
corrections to this asymptotic behaviour could also arise (as indeed happens in the case of
other short-distance expansions [17]).
4.2. Low temperature regime
The low temperature regime is attained for β  `, i.e. when the length of the interval A is
much smaller than the inverse temperature. It is however important to stress that a reasonable
result is obtained only for L  β, and so, in order to recover the zero temperature limit,
we should first take the limit L → ∞ and only after send β → ∞. In this limit we have
x = e−2pi`/β → 1, so Eq. (44) gives the correct zero temperature result (22), because the
normalisation Fn(1) = 1 implies f(1) = 0.
The correction to the zero temperature behaviour are more involved but they can be
obtained as an application of the short-length expansion developed in [45], which requires to
take into account the next order in the OPE (32). The short-length expansion can be thought
as the following OPE (for a more precise treatment we refer to [45])
Tn(u)T n(v) =
∑
{kj}
cn
|u− v|2∆n−
∑
j(∆kj+∆kj )
d{kj}
n∏
j=1
φkj(uj) , u→ v, (47)
where {φk} denotes a complete set of local fields for a single copy of the CFT, uj is the point u
on the j-th sheet, and d{kj} are dimensionless universal numbers, which for primary operators
can be explicitly calculated as [45]
d
(n)
{kj} = n
−∑j(∆kj+∆kj )〈
n∏
j=1
φkj(e
2piij/n)〉C . (48)
The leading term as u → v is given by taking all the ∆kj = 0, that is φkj = I, the identity
operator, recovering Eq. (32). The next term comes from taking all the kj = 0 except one.
However in this case φk cannot be primary, since the one-point function 〈φk〉C in Eq. (48)
would vanish. The most interesting case is when φkj is a component of the stress tensor on
the sheet j, Tj or T j which has been studied in [45] leading to d
(n)
T = d
(n)
T
= 1/6(1− 1/n2).
The next contribution comes from taking two of the kj to be non-zero. Since the product must
couple to the identity block this requires the two operators to be in the same block, and if they
are real and primary they must be the same operator. Thus, taking kj1 = kj2 = k and j1 6= j2,
we have [45]
d
(j1j2)
k =
n−2(∆k+∆k)
[e2piij1/n − e2piij2/n]2∆k [e−2piij1/n − e−2piij2/n]2∆k
. (49)
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For the low temperature expansion of the negativity we need to consider the OPE of T 2n ,
which can be easily written in terms of the ones of Tn since, for u→ v, we have
T 2n (u)T 2n(v) =
{
Tn(u)T n(v) odd n
(Tn/2(u)T n/2(v))2 even n . (50)
Let us now focus on the even case, when for `→ 0 we have
T 2ne(0)T
2
ne(`) =
c2ne/2
`2∆
(2)
ne
∑
kj
`
∑
j(∆kj+∆kj )d
(ne/2)
{kj}
ne/2∏
j=1
φkj(`j)
×
∑
kl
`
∑
l(∆kl+∆kl )d
(ne/2)
{kl}
ne/2∏
l=1
φkl(`l). (51)
The leading term in this expression is again obtained by taking all the ∆kj = ∆kl = 0, that
is φkj = φkl = I. A first non-trivial contribution is obtained by choosing the identity in one
of the two sums and one kj 6= 0 in the other. This contribution comes with a factor 2, one
for each sum. Let us consider explicitly the contribution of the stress-energy tensor Tj of the
sheet j for which we have
T 2ne(0)T
2
ne(`) =
c2ne/2
`2∆
(2)
ne
(
1 + . . .+ 2`2d
(ne/2)
T Tj(`) + . . .
)
. (52)
Let us recall that the stress energy tensor can be inserted in ne/2 possible sheets and that
one should take also into account the antiholomorphic component T j , meaning that the above
contribution should be multiplied by ne. Thus inserting this expression directly in Eq. (28)
we obtain
〈Tne(−L)T 2ne(−`)T 2ne(0)T ne(L)〉β = (53)
=
c2ne/2
`2∆
(2)
ne
〈
Tne(−L)
(
1 + . . .+ 2ne`
2d
(ne/2)
T Tj(`) + . . .
)
T ne(L)
〉
β
.
We are interested in the replica limit ne → 1 of this expression. In this case, since the operator
is inserted on a single sheet, we have limn→1〈Tn(−L)Oj(x)T n(L)〉β = 〈O(x)〉β , so that
lim
ne→1
〈Tne(−L)T 2ne(−`)T 2ne(0)T ne(L)〉β =
c21/2
`2∆
(2)
1
〈(
1 + . . .+ 2`2d
(1/2)
T T (`) + . . .
)〉
β
=
= c21/2`
c/2
(
1 + . . .+ 2`2
1
2
pi2c
12β2
+ . . .
)
, (54)
where in the second line we used 〈T 〉β = −pi2c/(6β2), d(1/2)T = −1/2 and ∆(2)1 = −c/4.
Taking the logarithm we have the negativity
E = c
2
ln `+ 2 ln c1/2 + . . .+ c
pi2`2
12β2
+ . . . . (55)
Notice that this expression coincides with low temperature expansion of Enaive, which indeed
should be fully understood in terms of insertions of the stress energy tensor.
Primary operators contribute, for example, by choosing the identity in one sum in Eq.
(51) and taking two of the kj1 = kj2 = k to be non-zero in the other, since the insertion of a
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single primary has zero prefactor as in Eq. (48). Thus, we have (assuming also for simplicity
∆k = ∆k)
〈Tne(−L)T 2ne(−`)T 2ne(0)T ne(L)〉β = (56)
=
c2ne/2
`2∆
(2)
ne
〈
Tne(−L)
(
1 + . . .+ 2`4∆kd
(j1,j2)
k φk(`j1)φk(`j2) + . . .
)
T ne(L)
〉
β
.
In this case, the calculation of the constant in front of `4∆k is more cumbersome (because
we cannot take averages on different sheets separately) and also the replica limit is not as
straightforward as in the previous case. However, from the above expression, we immediately
conclude that the contribution to the negativity is of the form
E = c
2
ln `+ 2 ln c1/2 + . . .+ Ck
( `
β
)4∆k
+ . . . , (57)
where the constant Ck is still undetermined, but it is reasonable that, since it comes from
the limit ne → 1, for some operators will be negative (in the same way d(n)T is negative for
n = 1/2).
If we consider the small temperature expansion of Es(T ) in Eq. (45) we have
Es(T ) = E(T )− E(T = 0) = c(pi`T )
2
12
+ Ck(`T )
4∆k + . . . . (58)
In this expression there are two different contributions: one analytic from the stress energy
tensor (which coincide with the expansion of Enaive) and a non-analytic and non-trivial 4∆k
where ∆k is the scaling dimension of the most relevant operator coupling with T 2n . Which
contribution is more relevant depends on the precise operator content of the theory and indeed
it will be interesting to provide specific examples which will be considered in following
publications. At higher-order the computation of negativity is very complicated because it gets
contributions from many sources (the cross terms from the sums in Eq. (51), the descendent
fields, etc.).
4.3. Semi infinite systems
A simple and important generalisation of the previous calculation is the negativity of a semi-
infinite CFT on the half-line σ < 0. In this case we have to compute the two-point function
〈Tn(−L)T 2n(−`)〉β , (59)
in the geometry where σ 6 0 and the Euclidean time τ is periodic with period β. The
conformal map z = e2piw/β (w = σ + iτ ) maps the half-cylinder into the unit disk. Using Eq.
(24) we have
〈Tn(−L)T 2n(−`)〉β =
(2pi
β
)∆n+∆(2)n 〈Tn(e−2piL/β)T 2n(e−2pi`/β)〉disk
e2pi∆nL/β e2pi∆
(2)
n `/β
. (60)
On the unit disk, the two-point function of two primary operators with dimensions ∆(1) and
∆(2) can be written as
〈V1(z1)V2(z2)〉disk = B(y)
(1− |z1|2)∆(1)(1− |z2|2)∆(2)
, y =
∣∣∣∣ z1 − z21− z1z¯2
∣∣∣∣2 , (61)
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where y is the harmonic ratio of the half-line and B(y) the universal scaling function with a
boundary. In analogy to Eq. (38) for the plane, we can choose the scaling function of twist
fields Bn(y) in such a way that
〈Tn(e−2piL/β)T 2n(e−2pi`/β)〉disk =
c˜nc˜
(2)
n
(1− e−4piL/β)∆n (1− e−4pi`/β)∆(2)n
Bn(y)
y∆
(2)
n /2
, (62)
where, on the half cylinder, the harmonic ratio is
y =
(
e−2piL/β − e−2pi`/β
1− e−2pi(L+`)/β
)2
. (63)
In the limit L → +∞, we have y → e−4pi`/β . The non-universal constants c˜n and c˜(2)n are the
boundary analogous of cn and c
(2)
n to which are related through the Affleck-Ludwig boundary
entropy [65, 3, 66]. Plugging Eq. (62) into Eq. (60), we get
〈Tn(−L)T 2n(−`)〉β =
c˜nc˜
(2)
n Bn(y)y−∆(2)n /2
[(β/pi) sinh(2piL/β)]∆n [(β/pi) sinh(2pi`/β)]∆
(2)
n
. (64)
Taking the replica limit (i.e. the limit ne → 1), we get
lim
ne→1
〈Tn(−L)T 2n(−`)〉β =
c
4
ln
[
β
pia
sinh
(
2pi`
β
)]
+
c
2
ln y+ lim
ne→1
lnBne(y) + 2 ln c˜1/2, (65)
where in particular one should notice the dependence on sinh 2pi`/β instead of sinh pi`/β
obtained on the infinite line (analogously to the entanglement entropy [3, 5]). We recall that
the universal function Bn(y) generically depends also on the boundary state of the BCFT and
it cannot be simply obtained from Fn in the bulk. In the limit L→ +∞ Eq. (65) gives
E = c
4
ln
[
β
pia
sinh
(
2pi`
β
)]
− pic`
2β
+ fbdy(e
−4pi`/β) + 2 ln c˜1/2, (66)
where we defined fbdy(y) = limne→1 lnBne(y). As for negativity at finite temperature in the
infinite line, the linear term in ` exactly cancels the linear divergence of the first naive term at
high temperature.
The low and high temperature limits of this expression are obtained in analogy with the
infinite line case and we do not repeat the calculations here.
4.4. Finite system
We want to conclude this section by stressing that the calculation for finite systems, either
with periodic boundary conditions or in a BCFT are immensely more complicated than the
calculations reported in this paper because we should consider either a toroidal or annulus
geometry. In these cases, the calculation of multi-point twist-field correlations is still beyond
our reach.
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Figure 3. Logarithmic negativity E for a subsystem composed of ` contiguous sites embedded
in a critical harmonic chain of length L with Dirichlet boundary condition. Left: E for a large
range of `T . For all finite `, E vanishes for T ≥ Tsd(`, L) (sudden death). Right: Subtracted
negativity Es ≡ E(T )− E(0) for small values of `T , i.e. for T  Tsd.
5. Numerical results for the harmonic chain
In this section we check that the scaling forms previously obtained are indeed recovered in
numerical calculations of a lattice model. We consider the harmonic chain with Hamiltonian
H =
L∑
i=1
[
p2i
2M
+
Mω2
2
q2i +
K
2
(qi+1 − qi)2
]
, (67)
where L is the number of lattice sites of the chain, M a mass scale, ω the one-particle
oscillation frequency, and K a nearest neighbour coupling. The variables pi and qi satisfy
standard commutation relations [qi, qj] = [pi, pj] = 0 and [qi, pj] = iδij . We consider the
harmonic chain because it is the only lattice model in which the partial transpose and the
negativity can be obtained by means of correlation matrix techniques [27, 28, 67, 68]. The
model is critical for ω = 0 and its continuum limit is conformal with central charge c = 1.
Unfortunately, in a system with periodic boundary conditions, the mass term ω cannot be set
equal to zero because the 〈qaqb〉 correlation function would diverge at zero momentum. The
presence of this zero-mode strongly affects the results also at zero temperature [28, 17] and
at finite T gives rise to effects which obscure the universal conformal physics (indeed finite
T negativity of the harmonic chain has already been considered in Refs. [7, 8, 9]). Thus,
in order to avoid this problem and to have clean results in the conformal regime, we impose
Dirichlet boundary conditions q0 = qL+1 = 0 and p0 = pL+1 = 0.
The Hamiltonian (67) can be diagonalised with standard techniques (see e.g. [17, 69]).
In order to calculate the negativity we need the dispersion relation
ωk =
√
ω +
4K
M
sin2
(
pik
2(L+ 1)
)
> ω, k = 1, . . . , L, (68)
and the finite temperature correlators
〈qaqb〉β = 1
L+ 1
L∑
k=1
1
Mωk
coth
(ωk
2T
)
sin
(
pik a
L+ 1
)
sin
(
pik b
L+ 1
)
≡ Qab , (69)
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Figure 4. Subtracted logarithmic negativity Es(T ) ≡ E(T )−E(0) as in Fig. 3. After shifting
the temperature by 1/(2L), the data collapse on a master curve for temperatures smaller than
those when finite size effects become important. Notice that the shift 1/(2L) vanishes in the
thermodynamic limit.
〈papb〉β = 1
L+ 1
L∑
k=1
Mωk coth
(ωk
2T
)
sin
(
pik a
L+ 1
)
sin
(
pik b
L+ 1
)
≡ Pab . (70)
As anticipated, in these correlators we can set ω = 0, while in the case of periodic boundary
conditions the correlator 〈qaqb〉 diverges when ω → 0.
From the correlators (69) and (70), the logarithmic negativity for any subsystem A of the
harmonic chains can be computed following well established methods [27, 28, 8]. Indeed the
partial transposition changes the sign of all the momenta corresponding to the subsystem A.
Thus we consider the matrix PTA ≡ RA ·P ·RA, being P the matrix for the momenta (70) and
RA the L × L diagonal matrix having −1 in correspondence of the sites defining A and +1
for the remaining ones. Then, denoting by λ2j the eigenvalues of Q · PTA , the trace norm of
the partial transpose and the negativity are given by
||ρTA|| =
L∏
j=1
[ ∣∣∣λj + 1
2
∣∣∣− ∣∣∣λj − 1
2
∣∣∣ ]−1 = L∏
j=1
max
[
1,
1
2λj
]
, ⇒ EA = ln(||ρTA||) . (71)
Thus the computation of EA requires the diagonalisation of a L × L matrix preventing us
from taking the thermodynamic limit L → ∞, as it is instead straightforwardly done for the
entanglement entropy.
In the left panel of Fig. 3 we report the logarithmic negativity E at temperature T for a
subsystem composed by the first ` sites embedded in a finite chain of lengthL. The parameters
in the Hamiltonian (67) have been fixed to M = K = 1 and we only consider the critical
chain with ω = 0. A first peculiar feature evident from this figure is that the logarithmic
negativity becomes zero for T ≥ Tsd. This is a well known phenomenon called sudden death
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entanglement (which has been first found in a different context [70]). As already discussed
for the zero temperature large distance negativity [17], the sudden death of entanglement is
due to the lattice nature of the system and it is absent in a quantum field theory. Indeed, if one
restores the lattice spacing a in the above equations, it can be shown that Tsd ∝ a−1 [8].
Thus, in order to cleanly see the CFT scaling regime, we should limit to consider a
regime of temperature in which the lattice effects did not take place yet, i.e. T  a−1. A
zoom for these value of temperatures is shown in the right panel of Fig. 3. In this figure we
also subtracted to the negativity its zero temperature value, i.e. we consider the quantity Es(T )
in Eq. (45), which, from CFT, we expect to be a function of the scaling variable pi`T . Thus
all data at different ` and T should collapse on the same curve given by Eq. (66), i.e.
Es(T ) = c
4
ln
sinh(2pi`T )
pi`T
− cpi`T
2
+ fbdy(e
−4pi`T ). (72)
This is however not the case for the data in the right panel of Fig. 3.
The origin of this discrepancy is easily understood and can be traced back to the fact
that we are studying finite chains of length L. Although, we always consider the regime
`  L, the temperature is slowly increased starting from 0. Therefore, there is an interval
of temperatures in which β > L and so the system behaves such as it was effectively at zero
temperature since the finiteness of the imaginary time direction is less important than the
finiteness in real space. And in fact, it is rather evident from the right panel of Fig. 3 that the
negativity is practically constant for very small temperatures. At a closer look, it should be
also clear that Es starts decreasing when T > 1/L. In order to exactly take into account this
finite size effect within CFT, we should consider the theory on an annulus, which, as stressed
in Sec. 4.4, is still beyond our possibilities. However, we can quantitatively describe this
phenomenon as follows. We can introduce a threshold temperature TL which coincides with
the point where the negativity moves from its zero temperature value. We can then consider
the negativity as function of T − TL. It is evident from the figure that TL ∝ L−1, but we
can also exactly guess the pre-factor from the following heuristic reasoning. On the annulus,
we expect the negativity to be a function of 2pi`T (as in Eq. (66) for infinite system) and
of pi`/L (as in finite size at T = 0). Thus TL should be TL = 1/(2L). The results for the
subtracted negativity plotted as function of pi`(T − TL) = pi`(T − 1/(2L)) are reported in
Fig. 4. In this final plot we see that all the curves collapse on a single universal function for
pi`T < 2 (when we expect to be in the CFT scaling regime). It is important to stress that the
shift TL = 1/(2L)→ 0 as L→∞.
6. Conclusions
In this paper we have studied the quantum field theory approach to the logarithmic negativity
of a finite interval embedded in an infinite one dimensional system at finite temperature. We
have focused on conformal invariant field theories. We have first shown that the replica limit
of the twist field correlation function 〈T 2n (0)T 2n(`)〉β in a cylindrical geometry provides a
wrong result. The reason for the failure of this naive approach has been identified in the
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lack of decoupling of the sheets composing the appropriate Riemann surface, as pictorially
depicted in Fig. 1.
The correct result for the negativity can be obtained by considering the four-point
function of twist fields
〈Tn(−L)T 2n(−`)T 2n (0)T n(L)〉β , (73)
where two auxiliary fields are inserted at w = ±L. From this correlation function, the
negativity is obtained by first taking the replica limit and only after taking L → ∞. In
this way, we find that the logarithmic negativity of a finite interval of length ` in an infinite
CFT is given by
E = c
2
ln
[
β
pia
sinh
(pi`
β
)]
− pic `
2β
+ f(e−2pi`/β) + 2 ln c1/2, (74)
where f(x) is a universal scaling function, depending on the full operator content of the
theory, such that f(0) = 0 and f(1) = const. The main feature of this results are:
• The naive approach based on the calculation of 〈T 2n (0)T 2n(`)〉β provides only the first
term in Eq. (74). For large temperature and at fixed `, this first term diverges linearly
in T = β−1 which is clearly an unphysical result. This divergence is canceled by the
second term in Eq. (74).
• The finite temperature negativity depends on the full operator content of the theory and
not only on the central charge, as opposite to the finite temperature entanglement entropy.
• The above formula suggests that the vanishing of the negativity at very high temperature
is governed by some non-universal physics since it happens for β  a.
• The quantity Es(T ) ≡ E(T )−E(0) is a universal function of `T and does not depend on
the UV physics encoded in the inverse cutoff a.
• In the limit of low temperature a universal expansion can be constructed by means of
the short length expansion developed in Ref. [45]. In this expansion, the stress-energy
tensor contributes to first naive piece (quite naturally since it only depends on the central
charge), while the other operators are responsible of the non trivial function f(x).
In the case of a CFT on the semi-infinite line, we found that the negativity of an interval
starting from the boundary also has the universal scaling form
E = c
4
ln
[
β
pia
sinh
(
2pi`
β
)]
− pic`
2β
+ fbdy(e
−4pi`/β) + 2 ln c˜1/2, (75)
in which the interpretation of the various terms is analogous to the case of an infinite system.
We have checked this last universal scaling against exact numerical computations for the
critical harmonic chain.
There are a large number of open questions which surely deserve further investigation.
The main open problem concerns the determination of the scaling function f(e−2pi`/β) at least
for the simplest CFTs, but this is a very difficult task because it requires the calculation of
a six-point function of twist fields, fusing two pairs of them, and taking the replica limit.
At the moment this looks like an impossible mission, unless one finds a way to shortcut
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the procedure sketched above. A more affordable problem is to systematically build the low
temperature expansion of Eq. (73) for a specific CFTs such as for the free compactified boson.
This expansion could shed some light on the general structure of the universal function Fn(x)
in which we are interested. However, some non-perturbative terms (in T ) are expected to play
a crucial rule (as it happens at T = 0 [16, 17]) in order to obtain the full scaling of Eq. (73)
reported Eq. (41), in which the term x−∆
(2)
n is clearly non perturbative in T for x→ e−2pi`T .
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